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An open problem in communication complexity proposed by several authors is to prove 
that for every Boolean function /, the task of computing f{x A y) has polynomially 
related classical and quantum bounded-error complexities. We solve a variant of this 
question. For every /, we prove that the task of computing, on input x and y, both of the 
quantities f{xAy) and f{xWy) has polynomially related classical and quantum bounded- 
error complexities. We further show that the quantum bounded-error complexity is 
polynomially related to the classical deterministic complexity and the block sensitivity 
of /. This result holds regardless of prior entanglement. 

Keywords: Quantum communication complexity, lower bounds, quantum-classical 
equivalence, pattern matrix method, block sensitivity 

1 Introduction 

Quantum communication complexity, introduced by Yao |34j , studies the amount of quantum 
communication necessary to compute a Boolean function F whose arguments are distributed 
among several parties. In the canonical setting, one considers a function F: X x y — ^ {0, 1}, 
where X and Y are some finite sets. One of the parties, Alice, receives an input x ^ X, 
and the other party, Bob, receives an input y Cz Y. Their objective is to evaluate F{x,y). To 
this end, Ahce and Bob can exchange messages through a shared quantum communication 
channel. They can additionally take advantage of arbitrary prior entanglement. The cost 
of a communication protocol is the total number of qubits exchanged in the worst case on 
any input {x,y). The bounded-error quantum communication complexity of F with prior 
entanglement, denoted Qy^{F), is the least cost of a protocol that computes F correctly with 
probability at least 2/3 on every input. Quantum communication has an obvious classical 
counterpart, the randomized model, in which the parties exchange classical bits (0 and 1) and 
additionally share an unlimited supply of unbiased random bits. The bounded-error classical 
communication complexity of F, denoted Ri/^^F), is the least cost of a randomized protocol 
that computes F correctly with probability at least 2/3 on every input. 

A central goal of the field is to determine whether quantum communication can be sig- 
nificantly more powerful than classical communication, i.e., whether a superpolynomial gap 
exists between the quantities Ql^^{F) and i?i/3(F) for some function F: X x Y ^ {0; !}• 
Exponential separations between quantum and classical complexity are well known in several 
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alternate models of communication [21 [24j [6l lU [121 1131 [HI [TOl E], such as one-way com- 
munication, simultaneous message passing, sampling, and computing a partial function or 
relation. However, these results do not apply to the original question about Qi/sl^) and 
Ri/^(F), and the largest known separation between the two quantities is the quadratic gap 
for the disjointness function [251 E] ■ 

It is conjectured that Qy^{F) and Ri/3{F) are polynomially related for all _F: X x y ^ 
{0, 1}. Despite consistent research efforts, this conjecture appears to be beyond the reach of 
the current techniques. An intermediate goal, proposed by several authors [3 [HI [32l [31] 
and still unattained, is to prove the conjecture for the class of communication problems 
F : {0, 1}" X {0, 1}" ^ {0, 1} of the form 

F{x,y) = f{xAy) 

for an arbitrary function /: {0, 1}" — > {0, 1}. There has been encouraging progress on this 
problem. In a breakthrough result, Razborov |25] solved it for the special case of symmetric 
/. Using unrelated techniques, a polynomial relationship between quantum and classical com- 
plexity was proved in [30] for the broader class of problems F: {0, 1}*" x {0, 1}*" — > {0, 1} 
given by 

y) = /(••■ , {xi,iyt,i V • • • V XiAViA), ■■■) 

for an arbitrary function /: {0, 1}" — >■ {0, 1}. Independently, Shi and Zhu [32] used a different 
approach to prove a polynomial relationship between quantum and classical communication 
complexity for the family of functions F: {0, 1}'=" x {0, 1}'''" {0, 1} given by 

F{x,y) = /(..., 5(x,,i,2/i4,...,a;i,fe,2/i,fe),...), 

where /: {0, 1}" {0, 1} is arbitrary and g is any gadget on 2k ^ fl{\ogn) variables that 
has certain pseudorandom analytic properties. More recently, Montanaro and Osborne [22] 
studied quantum-classical equivalence for functions of the form f{x(By), where the combining 
function / obeys certain constraints such as monotonicity or suitable Fourier structure. 

1.1 Our Results 

While the above results give further evidence that quantum and classical communication 
complexities are polynomially related, it remains open to prove this conjecture for all functions 
of the form F{x, y) = f{x Ay). In this paper, we solve a variant of this question. Specifically, 
we consider the communication problem of computing, on input x,y G {0,1}", both of the 
quantities f{x A y) and f{x V y). Our main result is a polynomial relationship between the 
quantum and classical complexity of any such problem, regardless of /. We further show 
that the quantum complexity of any such problem is polynomially related to its deterministic 
classical complexity D{F) and to the block sensitivity bs(/) of /. A formal definition of block 
sensitivity, a well-studied combinatorial complexity measure, will be given later in Scction r2.3l 

Theorem 1.1 (On quantum-classical equivalence) Let /: {0,1}" {0,1} be arbi- 
trary. Let F denote the communication problem of computing, on input x^y G {0, 1}", both 
of the quantities f{x A y) and /(cc V y). Then 

D{F) ^ R,,^{F) ^ Ql^,{F) ^ 17(bs(/)i/4) ^ f7(I?(F)i/i2). 
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A corollary of Theorem 11.11 is that given any /, a polynomial relationship between the 
classical and quantum complexities is assured for at least one of the communication problems 
f{x A y), f{x V y). More precisely, we have: 

Corollary 1.2 Let f: {0, 1}" — !■ {0, 1} be arbitrary. Let Fi and F2 denote the communi- 
cation problems of computing f(x A y) and f{x V y), respectively. Then either 

D{F,) ^ Ri/3{Fi) ^ Ql^siFi) ^ l^(bs(/)i/4) ^ ^{DiF^fl^^) (1.1) 

or 

D{F2) ^ Ri/z{F2) > Ql/siF^) > f^(bs(/)i/4) ^ f^(i?(F2)i/i2) (1.2) 

or both. 

Proof. Theorem Ounplies (HH]) if Ql^^{Fi) > Ql/^iF2) and implies ([O]) otherwise. 

□ 

Remark 1.3 As a matter of formalism, the communication problem in Theorem 1 1 . 1 1 can 
be expressed in standard form F : X x y — > {0, 1} by introducing an additional bit b E {0, 1} 
to indicate the desired output, i.e., f{x A y) or f{x V y). 

Apart from giving a polynomial relationship between the quantum and classical complexity 
of our functions, Theorem 11.11 shows that prior entanglement does not affect their quantum 
complexity by more than a polynomial. It is an open problem to prove a polynomial 
relationship for quantum communication complexity with and without prior entanglement, 
up to an additive logarithmic term. Known separations here are quite modest: entanglement 
allows for a factor of 2 savings via superdense coding, as well as an additive 0(logn) savings 
for the equality function. Finally, we prove in Section [6] that the communication problems 
in Theorem 1 1 . 1 1 satisfy another well-known conjecture, the log-rank conjecture of Lovasz and 
Saks [18|. 

Up to this point, we have focused on the communication problem of computing f{x A y) 
and f{x\/y). In Section [71 we consider quantum-classical equivalence and the log-rank con- 
jecture in a broader context. Specifically, we consider general compositions of the form 
/(. . . , y*-'-*), . . . ), where one has a combining function /: {0, 1}" -> {0, 1} that receives 

input from intermediate functions gi: Xi x Yi — > {0,1}, i — l,2,...,n. We show that un- 
der natural assumptions on gi, . . . ,gm the composed function will have polynomially related 
quantum and classical bounded-error complexities and will satisfy the log-rank conjecture. 

1.2 Our Techniques 

We obtain our main result by bringing together analytic and combinatorial views of the uni- 
form approximation of Boolean functions. The analytic approach and combinatorial approach 
have each found important applications in isolation, e.g., [231 IH HI HSl 1201 131] • The key to our 
work is to find a way to combine them. 

On the analytic side, a key ingredient in our solution is the pattern matrix method, devel- 
oped in [3ni[3n]- Let /: {0,1}" — ?► {0,1} be a given function. The pattern matrix method 
centers around a communication game in which Alice is given a string x e {0,1}^, where 
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N ^ 4n; Bob is given a subset S C {1, 2, . . . , N}, where l^l = n; and their objective is to 
compute /(xjs), where x\s = (a^ii , ■ • ■ , Xi^) € {0, 1}" and ii < • • • < i„ are the elements of 
S. The pattern matrix method gives a lower bound on the communication complexity of this 
problem in a given model (e.g., randomized, bounded-error quantum with prior entanglement, 
unbounded-error, weakly-unbounded error) in terms of the corresponding analytic property 
of / (e.g., its approximate degree or threshold degree). 

Essential to the pattern matrix method, as applied in this paper, is a closed-form expression 
for the singular values of every matrix of the form 



il^{x\s ® w) 



(1.3) 



in terms of the Fourier spectrum of the function ip: {0,1}" — ?> R, where x and S are as 
described in the previous paragraph and w ranges over {0, 1}". The method critically exploits 
the fact that the rows of ^ are applications of the same function ip to various subsets of the 
variables or their negations. In the communication problems of this paper, this assumption 
is violated: as Bob's input y ranges over {0, 1}", the induced functions fy{x) = f{x A y) may 
have nothing to do with each other. This obstacle is fundamental: allowing a distinct function 
Ip in each row of (|1.3p disrupts the spectral structure of ^ and makes it impossible to force 
the desired spectral bounds. 

We overcome this obstacle by exploiting the additional combinatorial structure of the 
base function /: {0, 1}" — {0, 1}, which did not figure in previous work [29l[30]. Specifically, 
we consider the sensitivity of /, the block sensitivity of /, and their polynomial equivalence 
in our restricted setting, as proved by Kenyon and Kutin |15) . We use this combinatorial 
structure to identify a large submatrix inside [f{x A y)]x,y or [f{x V y)]x,y which, albeit not 
directly representable in the form ()1.3p . has a certain dual matrix that can be represented 
precisely in this way. Since the pattern matrix method relies only on the spectral structure 
of this dual matrix, we are able to achieve our goal and place a strong lower bound on the 
quantum communication complexity. The corresponding upper bound for classical protocols 
has a short proof using a well-known argument in the literature [71 |4j [25l [30l |32] . 

The above program can be equivalently described in terms of polynomials rather than 
functions. Let be a subset of Boolean functions {0, 1}" — ?> {0, 1} none of which can be 
approximated within e in the £oo norm by a polynomial of degree less than d. For each f £ J^, 
linear programming duality implies the existence of a function ip: {0,1}" — ^ R such that 
J2x£{o 1}" ^i^)f{^) > ^J2xe{o 1}" s-nd ip has zero Fourier mass on the characters of 

order less than d. This dual object ip witnesses the fact that / has no low-degree approximant. 
Now, there is no reason to believe that a single witness ip can be found that works for 
every function in J-. A key technical challenge in this work is to show that, under suitable 
combinatorial constraints that hold in our setting, the family J- will indeed have a common 
witness ip. In conjunction with the pattern matrix method, we are then able to solve the 
original problem. To clarify the relevance of this discussion to the study of functions of the 
form /(xAy), the family J- in question is the family of the induced functions fy{x) — f{xAy) 
as the input y ranges over {0,1}". 
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2 Preliminaries 

For convenience of notation, we will view Boolean functions in the remainder of the paper as 
mappings f : X ^ { — 1, +1} for some finite set X, where —1 corresponds to "true." Note that 
this is a departure from the introduction, where we used the more traditional range {0, 1}. 
For X € {0, 1}", we define |a;| = xi + X2 + ■ ■ ■ + Xn- The symbol Pd stands for the set of all 
univariate real polynomials of degree at most d. For a given function /: {0, 1}" — > M and a 
string z G {0, 1}", we let fz stand for the function : {0, 1}" — > R given by fzix) = f{x(Bz). 
For b e {0, 1}, we use the notation b=l — b = l(Sb. The characteristic vector of a set S C 
{1, . . . , n} is the string Ig £ {0, 1}" such that {ls)i — liori € S, and (ls)i = otherwise. For 
a string x £ {0, 1}" and a set S" C {1, . . . we define x\s = {xi^^Xi^, ■ ■ ■ ,Xi^^^) G {0, 1}''^', 
where ii < i2 < ■ ■ ■ < i\s\ s^re the elements of S. 

2. 1 Matrices 

The symbol refers to the family of all to x n matrices with real entries. We specify a 

matrix by its generic entry, e.g., the notation A = [F{i,j)]ij means that the (i,j)th entry 
of A is given by the expression F(i,j). In most matrices that arise in this work, the exact 
ordering of the columns (and rows) is irrelevant. In such cases we describe a matrix by the 
notation where / and J are some index sets. 

Let A = [Aij] g ]R™x" be given. We adopt the shorthands ||A||oo max \Aij\ and = 
^ \Aij\. We denote the singular values of A by cti{A) ^ a2{A) ^ • • • ^ {A) ^ 0. 

Recall that the spectral norm of A is given by 

\\A\\= max \\Ax\\2^ai{A), 

xeR", ||k||2=i 

where || • II2 is the Euclidean vector norm. For A. Be M'"^", we write (A.B) = 
We denote the rank of A over the reals by rk^. 

We will need the following formulation of linear programming duality in matrix notation. 

Theorem 2.1 (Duality) For A S M™><" and b G R"*, the system Ax ^ b has no solution 
in X G M" if and only if there is a vector y G [0, 00)™ such that y~^ A = but y^b > 0. 

The monograph by Schrijver [271 Chap. 7] provides detailed background on Theorem 1 2 . 1 1 and 
various other formulations of linear programming duality, along with historical notes. 

2.2 Fourier Transform 

Consider the vector space of real functions on {0, 1}", equipped with the inner product 

xe{o.i}" 

and normed by 

ll/lloo = max \f{x)\. 
xe{o,i}" 

For C {!,. define xs- {0,1}" ^ by xs{x) = (-l)^.es^.. Then the func- 

tions X5, S ^ {1, . . . , n}, form an orthonormal basis for the inner product space in question. 
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As a result, every function / : {0, 1}" — s- M has a unique representation of the form 

SC{l,...,n} 

where f{S) = (/, Xs) is the Fourier coefficient of / that corresponds to the character xs- 
The following bound is immediate from the definition of Fourier coefficients: 

max |/(5)K2-" 1/(^)1- (^-l) 

Monomial Count, Sensitivity, and Decision Trees 

Every function /: {0, 1}" — > M has a unique representation of the form 

f{x) = X! n 

SC{l,...,Ti} i&S 

for some reals as- We define the degree of / by deg(/) ~ max{|5| : 7^ 0} and the number 
of monomials in / by mon(/) — \{S : as ^ 

For i = 1, 2, . . . , n, we let € {0, 1}" stand for the vector with 1 in the ith component 
and zeroes everywhere else. For a set 5 C {1, ... , n}, we define es & {0, 1}" by eg = J2ies 
In particular, 60 = 0. Fix a Boolean function /: {0,1}" — >■ {— For £ = l,2,...,n, 
the £-block sensitivity of /, denoted bs£(/), is defined as the largest k for which there exist 
nonempty disjoint sets Si, . . . , Sk Q {1, . . . , n}, each containing no more than i elements, such 
that 

f{z®es,) ^ f{z®es,) ^ ■ ■ ■ = f{z ® es,) ^ f{z) 

for some z £ {0, 1}". One distinguishes two extremal cases. The sensitivity of /, denoted 
s(/), is defined by s(/) — bsi(/). The block sensitivity of /, denoted bs(/), is defined by 
bs(/) = bs„(/). In this context, the term block simply refers to a subset S C {1, . . . We 
say that a block S C {1, . . . , n} is sensitive for / on input z if /(z) ^ /(z ® eg). 

Following Buhrman and de Wolf [8], we define one additional variant of sensitivity. The 
zero block sensitivity of /, denoted zbs(/), is the largest k for which there exist nonempty 
disjoint sets Si, . . . , Sk C {1, . . . , n} such that 

f{z © esj = f{z ® es,) = ■■■ = f{z® esj ^ f{z) 

for some z e {0, 1}" with z\siu---uSk = (Oi 0, . . . , 0). 

For a function / : {0, 1}" — {—^, let dt(/) stand for the least depth of a decision 

tree for /. The following inequalities are known. 

Theorem 2.2 (Beals et al. [T, §5]) Every function f : {0,1}" { — 1,+1} satisfies 

dt(/) s=:bs(/f. 

Theorem 2.3 (Midrijanis [20]) Every function f : {0,1}" {— 1,+1} satisfies 

dt(/) sc: 0(deg(/)3). 

For further background on these combinatorial complexity measures, we refer the reader 
to the excellent survey by Buhrman and de Wolf [9]. 
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2.4 Symmetric Functions 

Let Sn denote the symmetric group on n elements. For a e 5„ and x G {0, 1}", we denote 
by ax the string (^^.(i), ■ • ■ , a;CT(n)) G {0, !}"■ A function cf): {0, 1}" R is called symmetric 
if (t>{x) = (f)(crx) for every x € {0, 1}" and every a G Sn- Equivalently, (p is symmetric if (/'(x) 
is uniquely determined by |a;|. Observe that for every (j>: {0, 1}" — >■ R (symmetric or not), the 
derived function 

(f>symix) = E [(f>iax)] 

is symmetric. Symmetric functions on {0, 1}" are intimately related to univariate polynomials, 
as demonstrated by Minsky and Papert's symmetrization argument [21j : 

Proposition 2.4 (Minsky and Papert) Let (p: {0, 1}" — > M 6e given such that (l){S) = 
for \S\ > r. Then there is a polynomial p Cz Pr with 

E[cp{<jx)]^p{\x\), xe{o,ir. 



2.5 Pattern Matrices 

Pattern matrices^ introduced in |29i 130) . play an important role in this paper. Relevant 
definitions and results from [30| follow. 

Let n and N be positive integers with n \ N. Split [N] into n contiguous blocks, with N /n 
elements each: 







|l,2,.. 







N 2N\ {{n-l)N 
— + 1,..., ^U---U<^ ^ '— + 1 



+ 1,..., ^U---U<^ ^ ^ + l,...,iV 

Let V(A'', n) denote the family of subsets V C {!,..., N} that have exactly one element from 
each of these blocks (in particular, \V\ = n). Clearly, |V(A^, n)| = (N/n)'^. 

Definition 2.5 (Pattern matrix) For 0: {0,1}" M, the {N,n,(t)) -pattern matrix is 
the real matrix A given by 



A = 



(l){x\v © w) 



xe{04}", {V,w)eV{N,n)x{0,l}" 

In words, A is the matrix of size 2^ by (A^/n)"2" whose rows are indexed by strings x G 
{0,1}^, whose columns are indexed by pairs {V,w) G V{N,n) x {0,1}", and whose entries 
are given by A^jy^^) = (/)(x|y ® w). 

The logic behind the term "pattern matrix" is as follows: a mosaic arises from repetitions 
of a pattern in the same way that A arises from applications of to various subsets of the 
variables. We are going to need the following expression for the spectral norm of a pattern 
matrix BO, Thm. 4.3]. 

Theorem 2.6 (Sherstov) Let (p: {0,1}" — > R 6e given. Let A be the {N,n,(p)- pattern 
matrix. Then 

' iVV n\\S\/2 
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By identifying a set C {1,2,..., N} with its characteristic vector I5 e {0,1}^, we may 
alternately regard V{N^n) as a family of strings in {0,1}^ rather than as a family of sets. 
This view will be useful in the proof of Theorem 14.21 below. Detailed background on the 
pattern matrix method is available in the survey article |28) . 

2.6 Communication Complexity 

This section reviews the quantum model of communication complexity. We include this 
review mainly for completeness; our proofs rely solely on a standard matrix-analytic property 
of quantum protocols and on no other aspect of quantum communication. 

There are several equivalent ways to describe a quantum communication protocol, e.g., 
[3 [33l [25] . Our description closely follows Razborov [25] . Let A and B be complex finite- 
dimensional Hilbert spaces. Let C be a Hilbert space of dimension 2, whose orthonormal basis 
we denote by |0), Consider the tensor product A®C ®B, which is itself a Hilbert space 
with an inner product inherited from A, B, and C. The state of a quantum system is a unit 
vector in A<^C <^ B, and conversely any such unit vector corresponds to a distinct quantum 
state. The quantum system starts in a given state and traverses a sequence of states, each 
obtained from the previous one via a unitary transformation chosen according to the protocol. 
Formally, a quantum communication protocol is a finite sequence of unitary transformations 

Ui^Ib, Ia®U2, U3(^Ib, Ia^U^, U2k-l®lB, lA®U2k, 

where: and Ib are the identity transformations in A and B, respectively; C/i, U^, . . . , U2k-i 
are unitary transformations in A(EiC; and U2, U4, . . . , C/2/c are unitary transformations inCiSiB. 
The cost of the protocol is the length of this sequence, namely, 2k. On Alice's input x G X and 
Bob's input y £ Y (where X, Y are given finite sets), the computation proceeds as follows. 

1. The quantum system starts out in an initial state lnitial(x, y). 

2. Through successive applications of the above unitary transformations, the system reaches 
the state 

Final(a;, y) = {U ® U2k){U2k-i ® h) ■ ■ ■ {U ® U2){Ui ® Ib) \n\t\a\{x, y). 

3. Let V denote the projection of Final(a;, y) onto A (E) span(|l)) (E) B. The output of the 
protocol is —1 with probability (u, u), and +1 with the complementary probability 
1 - {v,v). 

All that remains is to specify how the initial state lnitial(x, y) G A (E)C (E) B is constructed 
from X, y. It is here that the model with prior entanglement differs from the model without 
prior entanglement. In the model without prior entanglement, A and B have orthonormal 
bases {\x,w) : x <£ X, w & W} and {\y,w) : y £Y, w £ W}, respectively, where W is a. finite 
set corresponding to the private workspace of each of the parties. The initial state is the pure 
state 

lnitial(a:,j/) = |a;,0)|0)|y,0), 

where £ W is a certain fixed element. In the model with prior entanglement, the spaces A 
and B have orthonormal bases {|a;, w,e) : x £ X, w £ W, e £ E} and {\y, w,e) : y £ Y, w £ 
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W, e Q E}, respectively, where W is as before and E is a. finite set corresponding to the prior 
entanglement. The initial state is now the entangled state 

lnitial(x,y) = —1= ^ 0, e) |0) |y,0,e). 

Vl^l eeE 

Apart from finite size, no assumptions are made about W or E. In particular, the model 
with prior entanglement allows for an unlimited supply of entangled qubits. This mirrors the 
unlimited supply of shared random bits in the classical public-coin randomized model. 

Let f : X X Y —i' {—1, +1} he a given function. A quantum protocol P is said to compute 
/ with error e if 

P[P{x,y)^ f{x,y)]^e 

for all x,y, where the random variable P{x,y) G {— is the output of the protocol on 
input (a;, y). Let Qe{f) denote the least cost of a quantum protocol without prior entanglement 
that computes / with error e. Define Q*^{f) analogously for protocols with prior entanglement. 
The precise choice of a constant e e (0, 1/2) affects Qe{f) and QKf) by at most a constant 
factor, and thus the setting e = 1/3 entails no loss of generality. By the communication 
complexity of a Boolean matrix F = [Fij]i^jj^j will be meant the communication complexity 
of the associated function f : I x J ^ {—^, +1} given by f{i,j) = Fij. 

A useful technique for proving lower bounds on quantum communication complexity, re- 
gardless of prior entanglement, is the generalized discrepancy method, originally applied by 
Klauck [TB] and reformulated more broadly by Razborov j25j . The following is an adaptation 
by the author [30l Sec. 2.4]. 

Theorem 2.7 (Generalized discrepancy method) Fix finite sets X,Y and a given 
function f: X xY ^ { — 1,+1}. Let ^' = xy\xex.yeY be any real matrix with = 1. 

Then for each e > 0, 

4Q.(/) > 4Q:(/) > (^,^) -2e _ 
"311*11/^^' 

where F= [f{x,y)]xex,yeY- 

Apart from quantum communication, we will consider two classical models. For a function 
/: X X y — > { — 1,+1}, we let D[f) stand for the deterministic communication complexity 
of /. Wc let Ri/sif) stand for the public-coin randomized communication complexity of /, 
with error probability at most 1/3. The following result of Mehlhorn and Schmidt [19] gives 
a powerful technique for proving lower bounds on deterministic communication. 

Theorem 2.8 (Mehlhorn and Schmidt) Let f : X x Y — > {— 1,+1} he a given func- 
tion, where X,Y are finite sets. Put F — [f{x,y)]xex,yeY- Then 

Dif)^\og^TkF 

An excellent reference on classical communication complexity is the monograph by Kushile- 
vitz and Nisan [17] . 
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3 Combinatorial Ingredients 

In this section, we develop the combinatorial component of our solution. We start by recalling 
an elegant result, due to Kenyon and Kutin [15, Cor. 3.1], that the sensitivity and ^-block 
sensitivity of a Boolean function are polynomially related for all constant I. For the purposes 
of this paper, the case f = 2 is all that is needed. 

Theorem 3.1 (Kenyon and Kutin) Let f : {0, 1}" {—1, +1} be given. Then 

s(/) > a\/bs2(/) 

for some absolute constant a > 0. 



Remark 3.2 The lower bound in Theorem 13. II is asymptotically tight, by a construction 
due to Rubinstein [26]. 

For our purposes, the key consequence of Kenyon and Rutin's result is the following lemma. 

Lemma 3.3 Let f: {0,1}" — > { — 1, +1} be a given function. Then there exists g : {0, 1}" 
{ — 1,+1} such that 

s{g) ^ aVRT) (3.1) 

for some absolute constant a > and 

g{x) = f{xi^,Xi^,...,x^J (3.2) 
for some ii,i2, . . . , i„ £ {1, 2, . . . , n}. 

Proof. Put k = bs(/) and fix disjoint sets Si, . . . ,Sk C {1, . . . , n} such that one has 
f{z © esj = /(z ® esj = • • • = f{z © es J 7^ f{z) for some z € {0, 1}". Let I be the set of 
all indices i such the string zjs. features both zeroes and ones. Put |/| — r. For convenience 
of notation, we will assume that / = {l,2,...,r}. For i — l,2,...,r, form the partition 
Si = U Bi, where 

Ai = {j e Si : Zj = 0}, Bi = {j e S*, : z^ = 1}. 

Now let 

(TV k 
^XnunAiBA, ® ^XminB.eBi ® ^ X^in SiSS,® ^ XiCi 
i=l i=l i=r+l ifSiU---USk 

Then p.2p is immediate. By the properties of /, we have hs2{g) ^ k, with the blocks 
{min Ai, mini?i },..., {minAr, mini?r} and {minS'^+i}, . . . , {minSfc} being sensitive for g 
on input a; = z. As a result, Theorem 13.11 implies (j3.1l) . □ 
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4 Analytic Ingredients 

We now turn to the analytic component of our solution. The main results of this section can 
all be derived by modifying Razborov's proof of the quantum lower bound for the disjointness 
function [25) . The alternate derivation presented here has some advantages, as we discuss in 
Remark 14.31 We start by exhibiting a large family of Boolean functions whose inapproxima- 
bility by low-degree polynomials in the uniform norm can be witnessed by a single, common 
dual object. 

Theorem 4.1 Let T denote the set of all functions f: {0,1}" — > { — such that 
/(ei) = /(e2) = • • • = /(e„) ^ /(O) = 1. Let S > be a sufficiently small absolute constant. 
Then there exists a function ip: {0, 1}" R such that: 

^l^{S) = 0, \S\ < SV^, (4.1) 

E 1^(^)1=1' (4-2) 
xe{o,i}" 

E i^ix)f{x)>^, f^F. (4.3) 

a;e{0,l}" 

Proof. Let p be a univariate real polynomial that satisfies 

p(0)e [2/3,4/3], 
p(l)e [-4/3,-2/3], 

p(z) e [-4/3,4/3], z = 2,3,...,n. 

It follows from basic approximation theory (viz., the inequalities due to A. A. Markov and 
S. N. Bernstein) that any such polynomial p has degree at least for an absolute constant 

5 > Q. See Nisan and Szegedy [23], pp. 308-309, for a short derivation. 

By the symmetrization argument fProposition 12.4]) . there does not exist a multivariate 
polynomial (j){xi , . . . ,Xn) of degree less than S^/n such that 

0(0) e [2/3,4/3], 

0(eO e [-4/3,-2/3], i = l,2,...,n, 

^(x) e [-4/3, 4/3], X e {0, 1}" \ {0, ei, 62, . . . , e„}. 

Equivalently, the following system of linear constraints has no solution in the reals as- 

E asXs(O) e [2/3,4/3], 

|S|<<5V^ 

E asxs(e,) e [-4/3,-2/3], z = l,2,...,n, 

\s\<s^ 

E asX5(a;)e [-4/3,4/3], .t G {0, 1}" \ {0, ei, 62, . . . , e„}. 

|S|<<5v^ 
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The duality of linear programming (Theorem I2.1|) now implies the existence of that obeys 
()4.1|) . (|4.2|) . and additionally satisfies 

n 

^(O)-^^(e.)- E l'/'(^)l>3' 

i=l a;e{0,l}" 

which forces (|4.3p . □ 

We are now in a position to prove our main technical criterion for high quantum commu- 
nication complexity. Our proof is based on the pattern matrix method [291 130] . The novelty 
of the development below resides in allowing the rows of the given Boolean matrix to derive 
from distinct Boolean functions, which considerably disrupts the spectral structure. We are 
able to force the same quantitative conclusion by using the fact that these Boolean functions, 
albeit distinct, share the relevant dual object. 

Theorem 4.2 Let g : {0, 1}" +1} &e « function such that g{z ® ei) = g{z © 62) = 

■ ■ ■ — g[z efe) 7^ g{z) for some z £ {0, 1}" with zi — ■ ■ ■ — Zk = 0- Then the matrix 
G = [g{x A y)]x,ye{o,i}^ satisfies 

Remark 4.3 As formulated above. Theorem 14 . 21 can be derived by modifying Razborov's 
proof of the n{^/n) quantum lower bound for the disjointness function |25l §5.3]. The deriva- 
tion that we are about to give offers some advantages. First, it is simpler and in particular 
does not require tools such as Hahn matrices in [25]. Second, it generalizes to any family 
of functions with a common dual polynomial, whereas the method in |25j is restricted to 
symmetrizable families. 

Proof (of Theorem 14. 2p Without loss of generality, we may assume that k is divisible 
by 4. Let denote the system of all functions /: {0, l}'"'/* { — such that /(ei) = 
/(e2) = • • • = /(efc/4) ^ /(O) = 1. By TheoremEITl there exists i/>: {0, l^^-^ R such that 

i>iS) = 0, 1^1 < SVk, (4.4) 

E 1^/^(^)1 = 1' (4-5) 

a:g{0,l}''/* 

J2 ^(x)/(x)>i, (4.6) 

a;e{0,l}'=/* 

where J > is an absolute constant. Now, let ^E* be the (fc/2, fc/4, 2^'^'^/^'!/))-pattern matrix. 
It follows from (|4.5p that 

(4.7) 

By ^ and (|43|), 



max|i^(S')| < 2-'=/^ 



(4.8) 
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In view of (jTil) and (jTSj) . Tlieorem EJl yields 

||^j,|| ^ 2-'5^/2 2-^=72^ 

Now, put 



(4.9) 



k/2 



9\z' 



x<£{0,l}'=''^,yi£V{k,k/4) 

where we identify each y £ V(fc, fc/4) in the natural way with a string in {0, 1}'^'. Observe that 



M 



fv.w{x\v ffi w) 



x£{Q,l}''/^,(V,w)£V{k/2,k/4)x{Q,l}''/^ 

for some functions fy^^ € J-. This representation makes it clear, in view of (|4.6p . that 

1 



(4.10) 



By (|4.7p . ()4.9p . (|4.10p and the generalized discrepancy method (Theorem 12. 7p . we have 
*3i/io(^) =^ ^^(\/fc). It remains to note that M is a submatrix of 5(z)G, so that Q\^iQiG) ^ 

Ql/ioiM)- □ 

We will also need the following equivalent formulation of Theorem 14.21 for disjunctions 
instead of conjunctions. 

Corollary 4.4 Let g : {0, 1}" {^1, +1} &e « function such that g{z®ei) = g{z®e2) = 
■ ■ ■ ~ g(z ® Ck) ^ g{z) for some z G {0, 1}" with zi — ■ ■ ■ — Zk = 1- Then the matrix 
G = [gixy y)]x^ye{Q.i}-- satisfies 

Ot/3(G) ^ 

Proof. Put g — 3(1,...,!) and z = (1, . . . , 1) z. Then zi = • • • = = and g{z ei) = 
g{z © 62) = • • • = g{z ® Cfe) ^ g{z)- By Theorem 14.21 the matrix G — [g[x A y)\x,y£{o,i}^ 
satisfies Ql/r^{G) > n{y/k). It remains to note that G and G are identical, up to permutations 
of rows and columns. □ 



We point out another simple corollary to Theorem 14.21 

Corollary 4.5 Let f : {0,1}" {-1,+1} he given. Then for some z G {0,1}", the 
matrix F = [/^(a; A y)\x,v = [/(• • ■ , (x^ A yi) ® z^, . . . )]x^y obeys 



Ql,^{F) = f^(vM7))- 

Proof. Put k — bs(/) and fix z e {0, 1}" such that zbs(/2) — k. By an argument 
analogous to Lemma [3.3[ one obtains a function g: {0,1}" — ?► {— 1,+1} such that g{ei) = 
5(62) = ••• = gick) ^ g{0) and g{x) = /^(Ci, 6, ■ • ■ , 60 for some symbols ^i,£,2, ■ ■ ■ ,£.n € 
{xi 0, 1}. Then Theorem g^l implies that the matrix G = [g{x A y)]x,ye{o,i}" 

satisfies Qy^{G) ^ f2(A/A:). On the other hand, Ql^^{F) ^ Qy^{G) by construction. □ 
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5 Quantum- Classical Equivalence 

We now combine the combinatorial and analytic development of the previous sections to obtain 
our main results. We start by proving relevant lower bounds against quantum protocols. 

Theorem 5.1 Let /: {0,1}" he given. Put Fi = [/(x A y)]^^y and F2 = 

[f{x V y)]x,y, where the row and column indices range over {0, 1}". Then 

max{Q*/3(Fi),g^/3(F2)} = f^(bs(/)i/4). 

Proof. By Lemma [3731 there exists a function g: {0, 1}" { — 1, +1} such that 

s(g) ^ 1^(v/M7)) (5.1) 

and 

g{x) = f{xi^,Xi^,...,x^J (5.2) 

for some ii, 12, . . . , i„ G {1, 2, . . . , n}. By renumbering the variables if necessary, we see that 
at least one of the following statements must hold: 

(1) g{z (B ei) = g{z ® €2) = ■ ■ ■ = g{z ® eis{g)/2-]) 9{z) for some z G {0,1}" with 

Zi = Z2 = ■ ■ ■ ^ Zls{g)/2^ = 0; 

(2) g{z (B ei) = g{z Q) €2) = ■ ■ ■ ^ g{z ® e^s{g)/2]) 7^ g{z) for some z € {0,1}" with 

Zi= Z2 = ■■■ ^ Zls{g)/2-] = 1- 

In the former case. Theorem 14.21 implies that the matrix Gi — [g{x A y)]x,ye{o.i}^ satisfies 
Ql/siGi) > n{,/s(g)), whence Ql/^iFi) > Ql/^iGi) > 17(bs(/)i/'') in view of 1^ and (Oj) . 

In the latter case, Corollarv l4.4l implies that G2 — [g{x V y)]x.ye{o,i}" satisfies (5^^3(6*2) ^ 
n{y/s{^), whence Qi/3(i^2) > 19^/3(02) > r2(bs(/)i/'') in view of ^ and dEH). □ 

Having obtained the desired lower bounds on quantum communication, we now turn to 
classical protocols. The bound that we seek here follows easily from the work of Buhrman et 
al. [7] and Beals et al. [4] . Related observations have been used in a number of recent papers 
in the area [25 1 [50 1 [5^. 

Theorem 5.2 (Classical upper bound; cf. [3,13) Let f : {0,1}" {-1,+1} be given. 
Put Fi = [f{x A y)]x,y o,nd F2 = [f{x V y)]x.y, where the row and column indices range over 
{0,1}". Then 

max{D{F,),D{F2)} 2dt(/) ^ 2hs{f)\ 

Proof (adapted from 13 |4j)- The second inequality follows immediately by Theo- 
rem [221 so we will focus on the first. Fix an optimal-depth decision tree for /. The protocol 
for Fi is as follows. On input a; and y, Alice and Bob start at the top node of the tree, read 
its label i, and exchange the two bits Xi and y^. This allows them to compute Xi A yi and to 
determine which branch to take next. The process repeats at the new node and so on, until 
the parties have reached a leaf node. Since the longest root-to-leaf path has length dt(/), the 
claim follows. The proof for F2 is entirely analogous. □ 

Theorems 15 . 1 1 and 15 . 21 immediatelv imply our main result on quantum-classical equivalence, 
stated above as Theorem ll.il 
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6 Masked Problems and the Log-Rank Conjecture 

As we showed in the previous section, the communication problem of computing f{x A y) 
and f{x V y) has polynomially related quantum and classical complexities. Here, we will see 
that this communication problem additionally satisfies the log-rank conjecture of Lovasz and 
Saks tlSj. 

The log-rank conjecture states that the deterministic communication complexity of every 
Boolean matrix F satisfies D{F) ^ (logjrkF)"^ + c for some absolute constant c > 0. By 
Theorem 12.81 this is equivalent to saying that D{F) is polynomially related to log2rkF. The 
development in this section is based on the following result of Buhrman and de Wolf [8] , who 
studied the special case of symmetric functions / in the same context. 

Theorem 6.1 (Buhrman and de Wolf) Let /: {0, 1}" — >■ R &e a given function. Put 
M = [f(x A y)]x,y, where the row and column indices range over {0, 1}". Then 

rkM = mon(/). 

Our first observation is as follows. 

Lemma 6.2 Let /: {0, 1}" — > M 6e a given function, where / ^ and d — deg(/). Then 
for some z G {0, 1}", 

mon(/^) > 



Proof. The proof is by induction on d. The base case d = holds since / ^ 0. Assume 
that the claim holds for all / of degree 1. By renumbering the variables if necessary, we have 
f(x) — xip{x2, • . • , Xn) + q{x2, ■ ■ ■ , Xn) for somc polynomial p of degree d — 1. The inductive 
assumption guarantees the existence of m G {0, such that mon(p„) ^ (3/2)'^"^. Note 
that mon(/(o,„)) = mon(p„) + mon(g„) and mon(/(i „)) > mon(p„) + |mon(g„) - mon(p„)|. 
Therefore, 

3 

max{mon(/(o,„)),mon(/(i^„))} ^ -mon(]3„) ^ 

as desired. □ 

We will also need the following technical lemma. 

Lemma 6.3 Let f : {0, 1}" — >■ M 6e given. Fix an index i = 1, 2, . . . , n. Define 

f {x\^ . . . Xi^i , . . . , Xyj) f {x\, . . . , X-i— \ , 0, X^-j-l , . • . , Xyi) . 

Then 

max{mon(/), mon(/e.)} ^ -mon(/). 
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Proof. Write 



It is clear by inspection that mon(/e.) ^ nion(p). Thus, we have mon(/) + mon(/e.) ^ 
nion(/) + mon(p) = mon(/), as desired. □ 



At last, we arrive at the main result of this section. 



Theorem 6.4 Let /: {0,1}" ^ {-1,+1} be given, d = deg(/). Put Fi = [f{x A y) 
and F2 — [/(a; V t/)].T.j/, where the row and column indices range over {0, 1}". Then 



In particular, the communication problem of computing, on input x,y G {0, 1}", both of the 
quantities f(x A y) and /(a; V y), satisfies the log-rank conjecture. 

Proof. To see how the last statement follows from the lower bound (|6.ip . note that 
max{i:>(Fi),i:>(F2)} s: 2dt(/) by Theorem O and dt(/) 0(deg(/)3) by Theorem[131 In 
the remainder of the proof, we focus on (|6.ip alone. 

We assume that d ^ 1, the claim being trivial otherwise. By renumbering the variables if 
necessary, we may write 



where a ^ 0. Define g{xi, . . . , Xd) = f{xi, . . . , Xd, 0, . . . , 0). Then 17 is a nonzero polynomial 
of degree d, and Lemma [6T2] yields a vector z G {0, 1}'' such that 



By renumbering the variables if necessary, we may assume that z — *. We complete the 
proof by analyzing the cases t ^ d/2 and t > d/2. 

Suppose first that t ^ d/2. Let J- be the set whose elements are the identity function on 
{0, 1} and the constant-one function on {0, 1}. Lemma provides functions (pi, . . . , (pt & J' 
such that the polynomial h{xi, . . . , Xd) = gid {(j)i{xi), . . . ,(f>t{xt), xt+i, . . . , Xd) features at least 
2^*mon((7z) ^ (3/{2-\/2})'' monomials. By Theorem 16.11 the matrix H = [h{x f\y)\^ yfz\o^i}d 
has rank at least (3/{2\/2})''. Since iJ is a submatrix of F2, the theorem holds in this case. 

The case t > d/2 is entirely symmetric, with Fi playing the role of F2. □ 

Remark 6.5 By the results of Buhrman and de Wolf [S], Theorem l6.4l alone would suffice 
to obtain a polynomial relationship between classical and quantum communication complexity 
in the exact model. However, for our main result we need a polynomial relationship in the 
bounded- error model, which requires the full development of Sections [SHU 




(6.1) 
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7 Results for Composed Functions 

Up to this point, we have focused on the communication problem of computing f{x A y) 
and f{x V y). Here we point out that our results on quantum-classical equivalence and the 
log-rank conjecture immediately apply to a broader class of communication problems. Specif- 
ically, we will consider compositions of the form f{gi{x^^\y^^^), . . . , gn{x^"'\y^^^)), where one 
has a combining function /: {0, 1}" — !■ { — 1, +1} that receives input from intermediate func- 
tions gi : Xi X Yi ~^ {0,1}, i — 1,2, ... ,n. We will show that under natural assumptions 
on 51, . . . , (7„, this composed function will have polynomially related quantum and classical 
bounded-error complexities and will satisfy the log-rank conjecture. To simplify notation, we 
wiU henceforth abbreviate /(5i(a;(i), y(i)), . . . ,.9„(a;("), y("))) /(..., , yW), ... ). 

Theorem 7.1 Let f : {0,1}" — > { — 1,+1} be a given function. Fix functions gi'. Xi x 
Yi — >■ {0, 1}, for i — 1,2, . . . ,n. Assume that for each i, the matrix [gi(x^^^\ 2/^*'')]x<OgXi,a(''6>i 
contains the following submatrices 



"l 


0' 







1" 








7 


1 


1 



(7.1) 



up to permutations of rows and columns. Put F = [/(. . . , gi{x^'^\ •••)]• -Assume that for 
some constant a > 0, 

Q*l/3i9^)^Rl/3i9^r, i^l,2,...,n. (7.2) 
Then for some constant (3 = l3{a) > 0, 

Ri/siF) > Ql/,iF) ^ R,/3{Ff. 



Proof. Without loss of generality, we may assume that / depends on all of its n inputs 
(otherwise, disregard any irrelevant inputs from among gi, . . . ,gn in the analysis below). In 
particular, we have 

Q*i/3{F)^Ql,^{g,), i^l,2,...,n. (7.3) 

Since each gi contains the two- variable functions AND and OR as subfunctions, Corollarv l4.5l 
shows that 

Q\,^{F) ^ 17(yR7)). (7.4) 

Letting d — dt(/), we claim that 

Ri/3{F) < 0{d\ogd) . inax {RiM}. (7.5) 

i—l,...,n 

The proof of this bound is closely analogous to that of Theorem 15.21 Namely, Alice and Bob 
evaluate a depth-d decision tree for /. When a tree node calls for the ith variable, the parties 
run an optimal randomized protocol for gi with error probability which requires at most 
0{Ri/^{gi)\ogd) bits of communication. Since all root-to- leaf paths have length at most d, 
the final answer will be correct with probability at least 2/3. 
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In view of Theorein l2.2l the sought polynomial relationship between Ri/^{F) and Q\^^{F) 
follows from GM-GM- □ 



We now record an analogous result for the log-rank conjecture. 

Theorem 7.2 Let f : {0,1}" { — 1,+!} be a given function. Fix functions gi'. Xi x 
Yi — {0, 1}, for i = 1, 2, . . . , n. Assume that for each i, the matrix [gi{x^^\ y'^'eVi 
contains (|7.ip as suhmatrices, up to permutations of rows and columns. Assume that for some 
constant c > 0, 

^ (log2rkG,r + c, i = l,2,...,n, (7.6) 

where = [(-l)^'("*"'''''"'],(.)6jf.,yWGF. • Then the matrix F = [/(..., yW), ... )] 

obeys 

D{F) < (log2rkF)'^ + C 

for some constant C — C{c) > 0. In particular, F satisfies the log-rank conjecture. 

Proof. Without loss of generality, we may assume that / depends on all of its n inputs 
(otherwise, disregard any irrelevant inputs from among gi, . . . ,gn in the analysis below). In 
particular, we have 

rki^^rkGi, i = l,2,...,n. (7.7) 



Since each g^ contains the two- variable functions AND and OR as subfunctions. Theorem [63] 
shows that 



/ 3 



dcg(/) 



Finally, we claim that 



DiF) ^2dtif) max {Dig,)}. (7.9) 

i—l....,n 



The proof of this bound is closely analogous to that of Theorem 15.21 Namely, Alice and Bob 
evaluate an optimal-depth decision tree for /. When a tree node calls for the ith variable, the 
parties run an optimal deterministic protocol for gi. 

In view of (|7.6I) - (|7.9I) and Theorem 12.31 the proof is complete. □ 

The key property of gi, . . . , gn that we have used in this section is that their communi- 
cation matrices contain (j7.1|) as submatrices. We close this section by observing that this 
property almost always holds. More precisely, we show that matrices that do not contain the 
submatrices (|7.ip have a very restricted structure. 

Theorem 7.3 A matrix G G {0, does not contain 

A- ° ^ 
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as a submatrix if and only z/ G = 0, G = J, or 



G' 



J2 











Jk 



(7.10) 



where: G' is the result of deleting any columns and rows in G that consist entirely of zeroes; 
J, Jl, J2t ■ ■ ■ , Jk ore all-1 matrices of appropriate dimensions; and ^ denotes equality up to 
permutations of rows and columns. 

Proof. The "if" part is clear. We will prove the other direction by induction on the 
number of columns, M. The base case is trivial. For the inductive step, let G 9^ be a given 
matrix. Let Ji be a maximal submatrix of G with all entries equal to 1. Then 



G. 



Jl 

Z2 H 



for suitable matrices Zi , Z2 , and _ff , possibly empty. By the maximality of Ji and the fact 
that G does not contain A as a submatrix, it follows that either Zi is empty ov Zi ~ Q. 
Likewise for Z2. By the inductive hypothesis for the proof is complete. □ 

By reversing the roles of and 1, one obtains from Theorem 17.31 an analogous characteri- 
zation of all matrices G — {0, that do not contain 



1 




as a submatrix. 



Remark 7.4 The communication complexity of a Boolean matrix remains unaffected if 
one modifies it to retain only one copy of each column, removing any duplicates. An analogous 
statement holds for the rows. In light of Theorem 17. 3[ this means that there are only four 
types of intermediate functions g for which our composition results (Theorem 17.11 and 17. 2p 
fail. These are the functions g with matrix representations 

[I 0], (7.11) 

and their negations, where / is the identity matrix. The reason that Theorems 17.11 and 17.21 
fail for such g is that the underlying quantum lower bound in terms of block sensitivity of the 
combining function / is no longer valid. For example, the first matrix type, /, corresponds 
to letting g be the equality function. Now, the conjunction of n equality functions is still 
an equality function, and its communication complexity is 0(1) both in the randomized and 
quantum models [17j . which is much less than a hypothetical lower bound of D,{^/n) that one 
would expect from the block sensitivity oi f — AND„. The same 0(1) upper bound holds for 
a conjunction of arbitrarily many functions g of the second, third, and fourth type. 



/ 




/ 
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